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Abstract
This short note is devoted to Hamiltonian analysis of three dimensional
gravity action that was proposed recently in [arXiv:1309.7231]. We perform
this analysis and determine the number of physical degrees of freedom.
1E-mail: klu@physics.muni.cz
1 Introduction
Recently new form of three dimensional gravity action was proposed in [1]. This
action was derived from relativistic three dimensional gravity action by new limiting
procedure which however shares some similarity with the analysis performed in [2]
and also in [8]2. Among other new results it was further argued in [1] that given
action is invariant under non-relativistic diffeomorphism whose explicit form is given
in (2).
The form of this three dimensional gravity action is very interesting and certainly
deserves further investigation. In particular, it would be interesting to find the
Hamiltonian formulation of given action. To do this we rewrite the action found in
[1] to more familiar form which is similar to the three dimensional non-relativistic
action studied in [8]. However there is an important difference between these actions
since the action studied in [8] is invariant under foliation preserving diffeomorphism
which is more general than (2) since in addition to the rules given in (2) it contains
the transformation t′ = f(t). As a result the Hamiltonian formulation of the action
analyzed in [8] possesses the global Hamiltonian constraint which, as we will see, is
absent in case of the action given in [1]. On the other hand the presence of the global
constraint does not restrict the number of the local degrees of freedom. Explicitly,
when we perform the Hamiltonian analysis of the action given in [1] and identify
all constraints we find that there are no local degrees of freedom with agreement
with the number of physical degrees of freedom of three dimensional non-relativistic
covariant Horˇava-Lifshitz gravity [8].
2 New Non-Relativistic Gravity Action
In [1] new form of non-relativistic 2 + 1 gravity action was found in the form
S = m
∫
dtd2x
√
g
[
−1
4
g˙ij g˙ij − 1
4
(gij g˙ij)
2 − 1
m
(Ai∂i ln g − g˙ij∇iAj + A0R) + 1
4m2
FijF
ij
]
,
(1)
where Fij = ∂iAj − ∂jAi. Note that this theory lives on a 2−dimensional surface
without boundaries with the metric tensor gij, where g = det gij , R is corresponding
scalar curvature and where ∇i is covariant derivative compatible with the metric
gij.
Before we proceed to the Hamiltonian formalism we would like to explicitly check
whether this action is invariant under non-relativistic diffeomorphism
A′0(x
′, t) = A0(x, t)−Ai(x, t)∂tξi(x, t) ,
A′i(x
′, t) = Ai(x, t)− Aj(x, t)∂iξj(x, t)−mgij(x, t)∂tξj(x, t) ,
g′ij(x
′, t) = gij(x, t)− ∂iξkgkj(x, t)− gik∂jξk(x, t) ,
(2)
2For review of Horˇava-Lifshitz gravity, see [3, 4, 5].
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where
δt ≡ t′ − t = 0 , δxi ≡ x′i − xi = ξi(t,x) . (3)
For future purposes we rewrite the action (1) into more familiar form. First of all
we replace g˙ij with
g˙ij = −gimg˙mngnj (4)
using the definition of the metric gij as inverse to gij. Then the kinetic term takes
the form
gikgilg˙ij g˙kl − gijgklg˙ij g˙kl = g˙ijGijklg˙kl ,
(5)
where
Gijkl = 1
2
(gikgjl + gilgjk)− gijgkl , (6)
with inverse
Gijkl =
1
2
(gikgjl + gilgjk)− gijgkl , GijklGklmn =
1
2
(δki δ
l
j + δ
l
iδ
k
j ) . (7)
Further, using integration by parts we observe that we can perform following re-
placement in the action (1)
−
∫
d2x
√
gAi∂t∂i ln g =
∫
d2x∂i[
√
gAi]∂t ln g =
∫
d2x∂i[
√
gAi]g˙klg
kl .
(8)
Observe that
√
gAi is tensor density of weight 1 so that
∇i(√gAi) = ∂i(√gAi) .
(9)
Now with the help of these results we find that the action (1) can be rewritten into
the form
S = m
∫
dtd2x
√
g
[
K˜ijGijklK˜kl − 1
m
A0R−
− 1
4m2
(∇iAj +∇jAi)Gijkl(∇kAl +∇lAk) +
1
4m2
FijF
ij
]
,
(10)
where we defined K˜ij as
K˜ij =
1
2
(∂tgij − 1
m
∇iAj − 1
m
∇jAi) . (11)
Finally we use the fact that∫
d2x
√
g∇iAjgij∇kAlgkl =
∫
d2x
√
g
(
∇kAjgji∇iAlglk + AiA
i
2
R
)
,
(12)
2
where we performed integration by parts and used the definition
∇i∇jAk −∇j∇iAk = R lijk Al (13)
together with the fact that two dimensional Riemann tensor has the form
Rijkl =
R
2
(gikgjl − gilgkj) , (14)
where R is the scalar curvature. As a result we find that the action (10) has the
form
S = m
∫
dtd2x
√
g
[
K˜ijGijklK˜kl − 1
m
(
A0 − AiA
i
2m
)
R
]
.
(15)
Now we explicitly show that this action is invariant under (2). To begin with note
that K˜ij transform under (2) as
K ′ij(x
′, t) = Kij(x, t)− ∂iξkKkj(x, t)−Kik∂jξk(x, t)
(16)
and hence
(KijGijklKkl)′(x′, t) = Kij(x, t)Gijkl(x, t)Kkl(x, t) . (17)
Further, using (2) we find
(A0 −
1
2m
AiA
i)R(x′, t′) = (A0 −
1
2m
AiA
i)R(x, t)
(18)
Then it is easy to see that the action (15) is invariant under (2).
We can also derive the action (15) directly when we implement the limiting
procedure suggested in [1] to the case of three dimensional relativistic gravity action
written in 2 + 1 formalism. Explicitly we start with the action
S = mc2
∫
dtd2x
√
−g(3)(3)R , (19)
where m is mass scale and c is speed of light, g(3) is three dimensional metric and
(3)R is corresponding curvature. Following [1] we choose the parameterization of the
metric g
(3)
µν as
g(3)µν =
( −1 + 2A0
mc2
Ai
mc
Ai
mc
gij
)
. (20)
Now we compare (20) with the 2 + 1 decomposition of the metric g
(3)
µν [6, 7]
(3)g00 = −N2 +NigijNj , (3)g0i = Ni , (3)gij = gij ,
(3)g00 = − 1
N2
, (3)g0i =
N i
N2
, (3)gij = gij − N
iN j
N2
.
(21)
3
Further, three dimensional scalar curvature in 2 + 1 formalism has the form
(3)R = KijGijklKkl +R , (22)
where
Kij =
1
2N
(
∂gij
∂x0
−∇iNj −∇jNi
)
, (23)
and where ∇i are covariant derivatives defined by the metric gij and where we
ignored the boundary terms. When we identify (20) and (21) we find
Ni =
Ai
mc
, N2 = 1− 2A0
mc2
+
Aig
ijAj
m2c2
. (24)
Now we are ready to proceed with the limiting procedure when we start with the
action in 2 + 1 formalism
S = mc2
∫
d3x
√
gN [KijGijklKkl +R] . (25)
Using (24) we find that the action (25) in the limit c→∞ takes the form
S = m
∫
dtd2x
√
g
[
1
4
(
g˙ij − 1
m
∇iAj − 1
m
∇jAi
)
Gijkl
(
g˙kl − 1
m
∇kAl − 1
m
∇lAk
)
−
− 1
m
(
A0
m
− Aig
ijAj
2m
)
R
]
(26)
with complete agreement with the action (15).
Now we can proceed to the Hamiltonian analysis of (26). In fact, this analysis
is rather straightforward and closely resembles the analysis performed in case of
non-relativistic covariant Horˇava-Lifshitz gravity [8, 9, 10]. Explicitly, from (26) we
find following momenta
piij =
δL
δ∂tgij
= 2m
√
gGijklK˜kl , pii = δL
δ∂tAi
≈ 0 , pi0 = δL
δ∂tA0
≈ 0 . (27)
Then it is easy to see that the Hamiltonian has the form
H =
∫
d2x(H0 +
1
m
Aig
ijHj + v0pi0 + vipii) , (28)
where
H0 = 1
m
√
g
piijGijklpikl +√g
(
A0
m
− Aig
ijAj
2m
)
R ,
Hi = −2gik∇jpikj , (29)
and where the primary constraints pii ≈ 0, pi0 ≈ 0 were included.
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Now the requirement of the preservation of the primary constraints pi0 ≈ 0 , pii ≈
0 implies following secondary constraints
∂tpi
0 =
{
pi0, H
}
= −
√
g
m
R ≡ − 1
m
G0 ≈ 0 ,
∂tpi
i =
{
pii, H
}
= − 1
m
gijHj +
√
g
m
gijAjR ≈ − 1
m
gijHj ≈ 0 .
(30)
Then the total Hamiltonian with all constraints included has the form
HT =
∫
d2x(H0 + v0pi0 + vipii + Γ0G0 + ΓiHi) ,
(31)
where v0, vi,Γ0,Γ
i are Lagrange multipliers corresponding to the constraints pi0, pii,G0,Hi.
As the final step we check the stability of all constraints. First of all the con-
straints pi0, pii are trivially preserved that implies that they are the first class con-
straints. Further we introduce the smeared form of the constraint Hi
TS(N
i) =
∫
d2xN iHi . (32)
Then it is easy to show that TS(N
i) is generator of the spatial diffeomorphism with
following Poisson brackets
{
TS(N
i),TS(M
j)
}
= TS(N
j∂jM
i −M j∂jN i) ,{
TS(N
i),G0} = −N i∂iG0 − ∂iN iG0 .
(33)
This result also implies that the requirement of the preservation of the constraintsHi
during the time evolution of the system does not generate any additional constraint.
Finally the time development of the constraint G0 is given following equation
∂tG0 =
{G0, HT} = − 1
m
∇mgmnHn ≈ 0
(34)
using
δR = ∇i∇jδgij − gij∇k∇kδgij −Rijδgij , Rij = R
2
gij . (35)
Equation (34) tells us that G0 is preserved during the time evolution. Further, since
it weakly commutes with all other constraints it is the first class constraint.
Let us conclude our results. We have following collections of the first class
constraints pii ≈ 0 , pi0 ≈ 0,Hi ≈ 0 and G0 ≈ 0. The constraints pii ≈ 0, pi0 ≈ 0 can
be gauge fixed so that Ai, A0 and their conjugate momenta are eliminated. At the
same way by gauge fixing Hi,G0 we eliminate all degrees of freedom corresponding
5
to three dimensional metric gij. In other words there are no physical degrees of
freedom left. This result is in agreement with the number of physical degrees of
freedom in three dimensional non-relativistic covariant Horˇava-Lifshitz gravity [3].
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